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A Ginzburg-Landau free energy for a superconducting chiral p-wave order parameter is derived
from a two-dimensional tight binding lattice model with weak spin-orbit coupling included as a
general symmetry-breaking field. Superconductivity is accounted for by a BCS-type nearest neighbor
opposite-spin interaction where we project the potential onto the p-wave irreducible representation
of the square lattice symmetry group and assume this to be the dominating order. The resulting
free energy contains kinetic terms that mix components of the order parameter as well as directional
gradients — so called mixed gradient terms — as a virtue of the symmetry of the order parameter.
Spin-orbit coupling and electron-hole anisotropy lead to additional contributions to the coefficients
of these terms, increasing the number of necessary phenomenological parameters by one compared
to previous work, and leading to an increase in the coefficient measuring Fermi surface anisotropy
for Rashba spin-orbit coupling in the continuum limit.
I. INTRODUCTION
Spin-orbit coupling (SOC) couples the spin of
the electron to its momentum which splits spin-
degenerate electronic bands, and is a recurring
theme in many novel superconducting systems. If
SrTiO3 is slightly doped with Ca, there is a re-
gion in the temperature-versus-carrier concentra-
tion phase diagram where superconductivity and
ferroelectricity coexist, and where the material
has broken spatial inversion symmetry — a key
cause of SOC [1, 2]. When SOC is a significant
factor, the associated symmetry of the supercon-
ductivity is often of an unconventional character.
In this context, “unconventional” means super-
conductivity where the order parameter does not
have the usual spin-singlet s-wave pairing symme-
try [3]. One example is the one-atom layer of
Tl− Pb compound on a Si(111) surface studied
by [4]. This system exhibits 2D superconductiv-
ity at a critical temperature Tc ∼ 2.25K followed
by a Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition and has Rashba SOC leading to a maximum
splitting of spin bands by ∼ 250meV. In this
case the superconductivity is argued to be non-
conventional because the average distance between
Cooper pairs is larger than the Ginzburg-Landau
coherence length.
Another example is the 2D electron liquid in the
celebrated LaAlO3/SrTiO3 interface (for a review
see Ref. [5]). By using a back-gate to apply an
electric potential across the interface, which tunes
carrier density, Tc can be increased to ∼ 300mK
[6]. In a certain region, tuning this gate-voltage af-
fects the Rashba spin-orbit coupling dramatically
— reaching values of 10meV. This region also
seems to be correlated to where superconductivity
develops [7]. The unconventional symmetry result-
ing from large Rashba SOC is evident from the crit-
ical field parallel to the interface being much larger
than what would be expected from the Pauli-limit
[8].
Finally, it should be mentioned that it was ini-
tially the discovery of superconductivity in the
heavy fermion system CePr3Si [9, 10] that helped
intensify research efforts into non-centrosymmetric
superconductors. This system exhibits an increase
in critical magnetic field compared to the Pauli
limit, as well as suppression of superconductivity
by non-magnetic impurities. Other lines of evi-
dence for the unconventional character of the or-
der parameter include indications of line-nodes in
the superconducting gap from penetration depth
[11], and thermal conductivity measurements [12],
among others. For a more thorough overview of
non-centrosymmetric systems, see Ref. [13].
In this paper, the Ginzburg-Landau free energy
density is derived for a 2D square lattice with spin-
orbit coupling where a chiral px+ ipy symmetry is
assumed to describe the dominating pairing chan-
nel. This particular pairing state has attracted
much attention because of its topological proper-
ties, which include the existence of topologically
protected Majorana edge states as well as Majo-
rana bound states in the core regions of half in-
teger vortices [14]. In the context of superfluid-
ity, p-wave pairing is realized as the A-phase in
3He [15] and has long been hypothesized to be
the dominant superconducting pairing symmetry
in Sr2RuO4 [16–18].
The vortex structure of a phenomenological
Ginzburg-Landau theory for a 2D chiral p-wave
pairing symmetry [3, 19] was studied using numer-
ical simulations in [20]. A magnetic field breaks
the degeneracy between the two components of
the order parameter so that one becomes domi-
nant, while the other only exists close to topolog-
ical defects like vortices. The simulations found
that the superconducting vortices tend to arrange
themselves in a square lattice of single-quantized
vortices when the magnetic field is very close to
the upper critical field, however for slightly lower
field strengths the phase diagram is dominated by a
triangular lattice consisting of double-quanta vor-
2tices, which are coreless. The relative angular mo-
mentum between the dominant and sub-dominant
component of the order parameter determines the
kinds of vortices possible in the system and origi-
nates in the structure of the mixed gradient terms
in the GL free energy. These terms also drive
the sub-dominant component [21]. An interesting
question is therefore what physical parameters in-
fluence the phenomenological coefficients of these
types of terms. Mixed gradient terms have also
been found in a multi-component GL theory for a
s+is pairing state derived through the Eilenberger
equations for quasiclassical propagators [22]. This
state breaks time-reversal symmetry, similarly to
the chiral p-wave state, and is found to exist in a
doped four-band model for iron-pnictides [23]. In
this GL theory however, the terms could be elimi-
nated by a simple spin-rotation in contrast to the
p-wave case.
Expressions for Ginzburg-Landau theory coeffi-
cients for general order parameters have previously
been derived assuming either pairing in the nor-
mal BCS spin-basis and ignoring spin-orbit cou-
pling, or by pairing in a single spin-orbit split
non-degenerate band [24]. Additionally, GL the-
ory has been derived for a superconductor with
p-wave symmetry and a coexistent ferromagnetic
state [25]. The derivations in this paper will largely
follow the methods used in these two references.
The difference between the current paper and
[24] is that spin-orbit coupling is considered a
symmetry-breaking field on the ordered state when
deriving the GL theory. The spin-orbit coupling
strength is assumed to be small compared to the
Debye cutoff frequency. A similar system was
considered in [26] where the spin-orbit coupling
strength was assumed to be small relative to a Zee-
man field. A pairing state with p-wave symmetry
in the diagonalized bands was discovered as a re-
sult of a Kohn-Luttinger type interaction coming
from the transformation of a repulsive U Hubbard-
model to the new bands. In the present case, the
interaction is assumed to give rise to a chiral p+ ip
pairing symmetry in the non-diagonal spin-bands.
This leads to a number of additional terms in the
generalized effective mass compared to the limit of
zero spin-orbit coupling.
The paper is organized as follows: In Sec. II the
model is introduced, first in terms of the single par-
ticle properties in Sec. II A, and then in Sec. II B
the pairing interaction is presented with a brief jus-
tification. A sketch of how the Ginzburg-Landau
free energy was derived is given in Sec. III and its
form reduced to the same as in [20]. The contribu-
tions from spin-orbit coupling to the phenomeno-
logical coefficients are finally discussed in Sec. IV.
Details of the calculations are relegated to the ap-
pendices.
II. TIGHT BINDING MODEL
A. Single Particle Problem
The system is modeled as a two-dimensional
square lattice, which has symmetry group C4v,
where fermions can exist at each lattice site. In the
clean limit there is no disorder in the system im-
plying that the Fourier transformed single-particle
Hamiltonian is diagonal in wave-vectors k. In-
cluding antisymmetric spin-orbit coupling [13] by
spin-dependent hopping between lattice sites, the
single-particle Hamiltonian can be written
Hˆ0 =
∑
s1s2=↑↓
k
[
ǫ(k) + γ(k) · σ]
s1s2
c†ks1cks2 , (1)
where σ consists of Pauli-matrices, cks is the anni-
hilation operators for a fermion with wave-vector
k and spin s, and the sum over k runs over the first
Brillouin zone. Hermiticity of the Hamiltonian im-
plies that ǫ(k) and γ(k) are real. Time-reversal
symmetry implies the restrictions ǫ(k) = ǫ(−k)
and γ(k) = −γ(−k). If parity symmetry is en-
forced γ(k) vanishes and this vector is hence iden-
tified with the parity breaking antisymmetric spin-
orbit coupling. The Hamiltonian in Eq. (1) be-
comes diagonal by a unitary transformation to the
helicity basis given by
ak =
1√
2
(
iγˆy−γˆx√
1−γˆz e
iφ+ iγˆ
y−γˆx√
1+γˆz
eiφ−
−√1− γˆzeiφ+ √1 + γˆzeiφ−
)†
ck,
(2)
where φ± are arbitrary phases and
γˆi = γi(k)/ |γ(k)|, assuming γ has some non-zero
component in the xy-plane in spin space, or a sim-
ilar transformation if γ‖eˆz (c.f. Appendix B). The
eigenvalues of the single-particle Hamiltonian in
this basis are denoted
ǫhk = ǫ(k) + h |γ(k)| . (3)
B. Pairing interaction
To include p-wave superconductivity in the
model, an attractive BCS-type weak-coupling in-
teraction is introduced between electrons given by
Vˆ = −1
2
∑
kk′q
∑
s1s2s
′
1s
′
2
Vkk′,s1s2s′1s′2
×c†q
2+ks1
c†q
2−ks2
c q
2−k′s′2c q2+k′s′1 ,
(4)
for
Vkk′,s1s2s′1s′2 = Vb
db∑
m=1
d
(bm)
k,s1s2
(
d
(bm)
k′,s′1s
′
2
)∗, (5)
where d
(bm)
k,s1s2
are coefficients for basis vectors for
the db dimensional irreducible representation b.
3These basis vectors are odd and linear in k, i.e. a
p-wave like momentum dependence in the contin-
uum limit. Since superconductivity is introduced
in the spin-basis, it is assumed that the spin-orbit
coupling is sufficiently weak compared to the su-
perconducting energy scale for this pairing between
opposite momentum fermions to be valid, i.e. spin-
orbit coupling is treated as a symmetry-breaking
field on the superconducting state [13].
The exact forms of the basis vectors are found in
the process of proving that such an interaction ex-
ists for the square lattice. This is done by finding
the possible eigenvectors for a general two-particle
Hermitian operator Vˆ that has eigenvectors con-
sisting of pairs of particles with opposite momen-
tum. The eigenspace of a Hermitian operator can
be separated into irreducible spaces that are rep-
resentations of the symmetry group of the lattice.
By expanding in the spin-momentum basis of the
two-particle Hilbert space, any such eigenvector |d〉
can be written
|d〉 =
∑
k,s1s2
ds1s2(k) |k, s1〉 |−k, s2〉 . (6)
The eigenvectors will also include a cutoff function
fc(ǫk) since the attractive interaction is assumed
to only exist on the Fermi surface. This cutoff
function is implicit in the notation for ds1s2(k). If
the coefficient ds1s2(k) is odd in k, then because
of the fermionic particle exchange symmetry and
because it is periodic in reciprocal lattice vectors
it can be expanded in terms of lattice vectors R as
ds1s2(k) =
1√
N
∑
R
(
βR sin(R ·k) ·σiσy)s1s2 . (7)
These general vectors are then projected down on
the space consisting of basis vectors of a particular
irreducible representation (irrep.) b of interest by
the projection operators [27, 28]
P
(b)
ll =
db
|C4v|
∑
g∈C4v
D
(b)
ll (g)
∗g : (8)
where D
(b)
ll are matrices of the irrep., g : denotes
transformation of a vector by the group element
g, and the index l runs over the dimension db
of the irrep. The group C4v contains one two-
dimensional irrep. E. Projecting down on this ir-
rep. and assuming the eigenspace of Vˆ only is con-
structed from nearest neighbour sites yields a vec-
tor space constructed from the orthonormal basis
vectors given by the spin-momentum coefficients
d(Ey)s1s2 (k) = −
zˆ√
N
sin ky ·
(
σiσy
)
s1s2
≡ d(Ey)(k) · (σiσy)s1s2 ,
(9a)
d(Ex)s1s2 (k) =
zˆ√
N
sin kx ·
(
σiσy
)
s1s2
≡ d(Ex)(k) · (σiσy)s1s2 .
(9b)
These are p-wave basis vectors since they are lin-
ear in k in the continuum limit. Note that the as-
sumptions of a single 2D square lattice implies that
basis vectors that have k dependencies with com-
ponents in the eˆz-direction are neglected. When
Vˆ is expanded in its eigenvector basis it is there-
fore possible that it has a channel consisting of the
eigenvectors in Eq. (9) and it has been proved that
Eq. (4) is a possible interaction.
This p-wave channel interaction could originate
as the dominant channel of a simpler interaction.
As an example, consider the attractive nearest
neighbor interaction
Vˆ = −V
2
∑
〈i,j〉
∑
s=↑↓
c†i,sc
†
j,−scj,−sci,s, (10)
which could be considered an effective one-band
model from a reduction of a multiband system [29].
Finding basis vectors in the eigenspace of nearest
neighbor interactions analogous to the irrep. E, Vˆ
becomes diagonal in this basis, and can be written
on the form of Eq. (4), but with coefficient
Vkk′,s1s2s′1s′2 = V
[ ∑
a=A1,B1
ψ(a)s1s2(k)
(
ψ
(a)
s′1s
′
2
(k′)
)∗
+
∑
m=x,y
d(Em)s1s2 (k)
(
d
(Em)
s′1s
′
2
(k′)
)∗]
(11)
where a runs over the one-dimensional irreps. A1
and B1 which has basis vectors given by
ψ(A1)s1s2 (k) =
1√
2N
(cos kx + cos ky)(iσ
y)s1s2 , (12)
ψ(B1)s1s2 (k) =
1√
2N
(cos kx − cos ky)(iσy)s1s2 , (13)
and give the extended s-wave and d-wave channel
respectively.
III. DERIVATION OF
GINZBURG-LANDAU FREE ENERGY
The Ginzburg-Landau coefficients are calculated
by deriving the free-energy F of the system de-
scribed in Section II. This free-energy is defined
as F = − 1
β
lnZ, where Z is the partition func-
tion and β is inverse temperature. The partition
function is defined as Z = Tr e−β(Hˆ−µNˆ), where
Hˆ = Hˆ0 + Vˆ is the Hamiltonian of the system,
µ is the chemical potential and Nˆ is the num-
ber operator. Calculating the trace in the path-
integral formalism where the annihilation and cre-
ation operators get replaced by Graßmann fields ξ
and ξ∗, the Hubbard-Stratonovich transformation
is preformed on the p-wave subspace of the poten-
tial Vˆ , while the other subspaces are assumed to
be insignificant in the low energy theory. Given
the potential in Eq. (11), this subspace is two-
dimensional and its contribution to the partition
4function can thus be written in terms of a path-
integral over the two complex fields η(x) and η(y)
as
eSint =
∫
D[η, η∗] exp
{
−
∫ β
0
dτ
∑
qm
[2|η(m)q |2
V
+
(
Jm ∗q η
(m)
q + J
m
q η
(m) ∗
q
)]}
,
(14)
where Jmq is defined as
Jmq =
∑
ks1s2
(
d(Em)s1s2 (k)
)∗
ξq
2−k,s2ξq2+k,s1 , (15)
and
Sint =
V
2
∫ β
0
dτ
∑
qm
Jm ∗q J
m
q . (16)
In these equations both the Graßmann fields
ξ and the complex fields η are dependent on
imaginary-time. The time-dependence in the com-
plex fields η, which are the order parameters of
the system, is neglected since the goal is a time-
independent Ginzburg-Landau theory, while the
time-dependence in the Graßmann-fields are con-
verted to sums over Matsubara frequencies. The
system is assumed to be close to the transition
temperature Tc so that the free energy can be ex-
panded to second order in the order parameters
after integrating out the fermionic degrees of free-
dom. The integration itself is preformed by ex-
pressing the part of the exponent with quadratic
dependence on fermionic fields as an Hermitian
form ξ†Gˇ−1ξ using 4-component Matsubara vec-
tors ξ, such that the result depends on the deter-
minant of Gˇ−1 by
Zferm =
∫
D[ξ, ξ∗] e− 12
∑
ξ†Gˇ−1ξ
=
√
det Gˇ−1 = e
1
2 Tr ln Gˇ
−1
.
(17)
The expansion to second order in the order pa-
rameter is preformed by splitting Gˇ−1 into a diag-
onal matrix Gˇ−10 independent of η and a matrix φˇ
for which each element is proportional to the or-
der parameter components η(a). The logarithm in
Eq. (17) is then expanded by
Tr ln Gˇ−1 = Tr ln Gˇ−10 +Tr Gˇ0φˇ−
1
2
Tr Gˇ0φˇGˇ0φˇ.
(18)
The first term is absorbed into the normalization of
the path-integral over η while the second term van-
ishes trivially which leaves the contribution of the
third term. The single-particle problem in Eq. (1)
and thus also the spin-orbit coupling is included
in this integration over fermionic degrees of free-
dom. The order parameter is assumed to be slowly
varying in real space, which justifies a gradient ex-
pansion. Given these assumptions and approxima-
tions, the free energy density in momentum space
takes the form
fq = Aab(η
(a)
q )
∗η(b)q +Kab,ij(η
(a)
q )
∗η(b)q q
iqj , (19)
where the Einstein summation convention has been
used to drop the summation over directions i, j =
x, y and dimensions of the subspace a, b = x, y. We
call Aab the potential energy tensor while Kab,ij
is the generalized effective mass tensor [24]. It is
worth noting that the same expression is obtained
regardless of what choice is made for the phases
φ± in Eq. (2), and whether γ has a component in
the xy-plane or not.
A. Form of the free energy density tensors
The potential energy tensor derived in Eq. (19)
is given by
Aab =
2δab
V
−
∑
khh′
dab
[
1− hh′(1− 2(γˆz)2)]χhh′ ,
(20)
where χhh
′
is the Matsubara-frequency sum over
Green’s functions given by
χhh
′
=
1
β
∑
n
1
(iωn − ǫhk)(−iωn − ǫh′k )
, (21)
and
dab =
(
d
(Ea)(k)
)∗ · d(Eb)(k). (22)
In Eq. (21) the chemical potential has been ab-
sorbed into the definition of ǫhk. h, h
′ ∈ {±}
and is used to reference the two different helicity-
bands when written as exponentials, while used
as ±1 when written as factors. Since the only k-
dependencies in this sum are in the Fermi ener-
gies, it is invariant with respect to symmetry trans-
formations. This means that the momentum-sum
vanishes if a 6= b since the summand then becomes
odd with respect to each of the components of k
(c.f. definition of d(Ea)(k) in Eq. (9)).
The generalized effective mass tensor in Eq. (19)
can be expressed as
Kab,ij =
1
8
∑
khh′
dab
{[
hh′
(
1− 2(γˆz)2)− 1]χhh′ij
+ 2h′hχhh
′
gij
}
,
(23)
where
gij = ∂iγˆ · ∂j γˆ − 2∂iγˆz∂j γˆz
−(γˆ · ∂i∂j γˆ − 2γˆz∂i∂j γˆz), (24)
and
χhh
′
ij = −
1
β
∑
n
{
∂
∂ǫ
1
iωn − ǫhk
∂
∂ǫ
1
−iωn − ǫh′k
vhi v
h′
j
−
( ∂2
∂ǫ2
1
iωn − ǫhh
) 1
−iωn − ǫh′k
vhi v
h
j
−
( ∂
∂ǫ
1
iωn − ǫhk
) 1
−iωn − ǫh′k
m−1h ij
}
+h↔ h′.
(25)
5The inverse effective mass of the h band is given
by
m−1h ij =
∂2ǫhk
∂ki∂kj
= m−1ij + h∂i∂j |γ|, (26)
while the h-band Fermi velocity is given by
vhi =
∂
∂ki
ǫhk = vi + h∂i|γ|. (27)
B. Approximation of free-energy density
tensors in terms of Fermi surface averages
More useful expressions can be obtained for Aab
and Kab,ij by expressing the sums over momenta
k as averages over energy surfaces defined as
〈( · )〉ξ ≡
1
N0(ξ)
∑
k
( · )δ(ǫ(k)− ξ), (28)
where N0(ξ) is the density of states at energy ξ.
Including the chemical potential in the definition
of ǫ(k), the Fermi surface is obtained at ξ = 0.
Let h
(
k, ǫ(k)
)
be a generic summand in one of the
k-sums, with an explicit ǫ(k) dependence. The
momentum-sum is exchanged for a Fermi surface
average by inserting an energy integral over a delta
function such that
∑
k
h
(
k, ǫ(k)
)
=
∫ ǫc
−ǫc
dξ N0(ξ)
〈
h
(
k, ξ
)〉
ξ
≈
〈∫ ǫc
−ǫc
dξ N0(ξ)h
(
k, ξ
)〉
0
.
(29)
The integral is cut off at ǫc because of the assump-
tion that the interaction potential only allows pair-
ing to happen within some energy shell around the
Fermi surface. The energy average is assumed to
be constant over this energy shell such that only
the value at ξ = 0 is considered. To simplify the
resulting integrals, it is assumed that the critical
temperature is small compared to the energy cutoff
such that
ec ≡ ǫcβ
π
≫ 1. (30)
The spin-orbit coupling is additionally assumed to
be small compared to the pairing energy range such
that ǫc ≫ |γ| ∀k. With these approximations Aab
becomes
Aab = δab
[ 2
V
− 8NF ln(2eceC)
〈
dab
〉
0
−16NF
〈
dab
(
1− 2(γˆz)2)f(ρk)〉0
]
,
(31)
while Kab,ij becomes
Kab,ij =
NFβ
27ζ(3)
(2π)2
〈
dabvivj
〉
0
+N ′F
ln(2ece
C)
2
〈
dabm−1ij
〉
0
+NF
{
− 2β
2
π2
〈
dab(γˆz)2f3(ρk)vivj
〉
0
+
β27ζ(3)
(2π)2
〈
dab
(
1 + (γˆz)2
)
∂i|γ|∂j |γ|
〉
0
+
β
π
〈
dab
[ ρk
2e2c
(
1 + (γˆz)2
)− (γˆz)2f2(ρk)]∂i∂j |γ|〉
0
+
〈
dabf(ρk)gij
〉
0
}
+N ′F
{β
π
〈
dab
[
f2(ρk)(γˆ
z)2 + ρk
7ζ(3)
4
(
1 + (γˆz)2
)]
(vi∂j |γ|+ ∂i|γ|vj)
〉
0
− 〈dab(γˆz)2f(ρk)m−1ij 〉0
}
.
(32)
The energy range [−ǫc, ǫc] is assumed to be suf-
ficiently small such that N0(ξ) ≈ NF + N ′F ξ is
a good approximation. NF = N0(0) is the value
of the density of states at the Fermi level, while
N ′F = N
′
0(0) is a measure of the particle-hole asym-
metry. The f -functions are all convergent sums
that vanish in the limit of no spin-orbit coupling
defined as
f(ρ) = Re
∞∑
n=0
( 1
2n+ 1 + iρ
− 1
2n+ 1
)
, (33)
f2(ρ) = Im
∞∑
n=0
1
(2n+ 1 + iρ)2
, (34)
f3(ρ) = Re
∞∑
n=0
( 1
(2n+ 1 + iρ)3
− 1
(2n+ 1)3
)
.
(35)
The dimensionless spin-orbit coupling ρk =
β|γ|/π. ζ(·) is the Riemann-zeta function and C
in eC is the Euler-Mascheroni constant.
C. The limit of zero spin-orbit coupling
In the limit of zero spin-orbit coupling, the unit
vectors γˆ become indeterminate, however the ex-
pressions for the free-energy tensors Aab andKab,ij
still have a well defined limit since all the unit-
vector dependencies vanish. To see this, first con-
sider the limit of |γ| → 0 of χhh′ . In this limit,
the band-energies ǫhk → ǫ such that, after preform-
ing the sum over Matsubara-frequencies, Eq. (21)
becomes
lim
|γ|→0
χhh
′
=
tanh βǫ2
2ǫ
≡ S[ǫ(k)]. (36)
6Since χhh
′
becomes independent of h, γˆz vanishes
under the sum over h and h′ in Eq. (20), and leaves
lim
|γ|→0
Aab =
2δab
V
− 4
∑
k
dabS
[
ǫ(k)
]
= δab
[ 2
V
− 8I 〈dab〉
0
]
,
(37)
for the energy-integral
I =
∫ ǫc
−ǫc
dξ N0(ξ)S[ξ] ≈ NF ln(2eceC). (38)
This corresponds to the Aab calculated in [24] if
V → 2V and 8dab = tr[Ψ†aΨb].
In Rhh
′
ij , the limit reduces v
h
i → vi and m−1h ij →
m−1ij as well as the previously mentioned limit of
Fermi energies ǫhk → ǫ such that
lim
|γ|→0
Rhh
′
ij = vivj
1
ǫ
∂2
∂ǫ2
(
ǫS[ǫ]
)
+m−1ij
∂
∂ǫ
S[ǫ]
≡ 4S2[ǫ]vivj + 2S1[ǫ]m−1ij .
(39)
Since Rhh
′
ij is independent of h and h
′ in the zero
spin-orbit limit, the second line in Eq. (23) as well
as the parenthesis in the first line vanish under
the hh′-sum. Inserting the above expression for
lim|γ|→0Rhh
′
ij into Kab,ij and converting to Fermi
surface averages yields
lim
|γ|→0
Kab,ij = −
∑
k
dab
(
2S2[ǫ]vivj + S1[ǫ]m
−1
ij
)
= −2 〈vivjdab〉0 I2 − 〈m−1ij dab〉0 I1,
(40)
for the integrals [24]
I1 =
∫ ǫc
−ǫc
dξN0(ξ)S1[ξ] ≈ −N
′
F
2
ln(2ece
C), (41)
I2 =
∫ ǫc
−ǫc
dξN0(ξ)S2[ξ] ≈ −NF 7β
2ζ(3)
8π2
. (42)
This corresponds to the result for Kab,ij found in
[24] if 8dab = tr[Ψ†aΨb].
D. Reduction by symmetries
By considering the symmetry of the coefficients
Kab,ij and Aab, the form of the free energy density
fq in Eq. (19) can be further restricted. Assuming
we have chosen a proper pseudospin-representation
[13], the spin-orbit coupling vector γ(k) has the
property
γ(k) = R˜gγ(R
−1
g k), (43)
for proper and improper rotations g where Rg is
the 3 × 3 rotation matrix, and R˜g = −Rg for im-
proper rotations. This relationship leads to the
conclusion that (γˆ(k)z)2 and γˆ(k)2 are invariant
under all C4v symmetries. This implies that Kaa,i¯i
and Kaa¯,ii are both odd with respect to each of the
components of k and thus vanish under the k sum.
Here the notation a¯ means
a¯ =
{
y if a = x
x if a = y
. (44)
Remember that a, b, i, j ∈ {x, y}. Using the sym-
metries Kaa¯,ij = Ka¯a,ij and Kab,ij = Kab,ji, the
free energy density can be expressed as [3]
fq =− α(|η(x)q |2 + |η(y)q |2)
+ κ1
(|qxη(x)q |2 + |qyη(y)q |2)
+ κ2
(|qyη(x)q |2 + |qxη(y)q |2)
+ κ3
[
(qxη(x)q )(q
yη(y)q )
∗ + h.c.
]
+ κ4
[
(qyη(x)q )(q
xη(y)q )
∗ + h.c.
]
,
(45)
for coefficients α = −Axx, κ1 = Kxx,xx, κ2 =
Kxx,yy and κ3 = κ4 = Kxy,xy. Rotating the co-
ordinate system such that(
qx
qy
)
=
(
cos θ − sin θ
sin θ cos θ
)(
q˜x
q˜y
)
, (46)
defining the chiral basis of the order-parameters as(
η+
η−
)
=
1√
2
(
1 i
1 −i
)(
η(Ey)
η(Ex)
)
, (47)
as well as using dimensionless variables [19], the
free-energy density can be further reduced to the
form
fq =− (|η+q˜ |2 + |η−q˜ |2) + |q˜η+q˜ |2 + |q˜η−q˜ |2
+Re
{(
ei2θ(ν +∆) + e−i2θ(1 −∆)
)
×
[
q˜xη+q˜ (q˜
xη−q˜ )
∗ − q˜yη+q˜ (q˜yη−q˜ )∗
]}
+ Im
{(
e−i2θ(ν +∆)− ei2θ(1 −∆)
)
×
[
q˜xη−q˜ (q˜
yη+q˜ )
∗ + q˜yη−q˜ (q˜
xη+q˜ )
∗
]}
.
(48)
Here the dimensionless parameters ∆ = 2(κ2 −
κ3)/(κ1 + κ2) and ν = (κ1 − 3κ2)/(κ1 + κ2). [19].
In the above expression, the parameter ∆ is new
compared to the expression in [19], and is necessary
because of the additional contributions to Kab,ij in
Eq. (32) as will be discussed below. Dimensionless
variables were introduced by the substitution
(
η
q˜
)
→
(
η/
√
α√
2α
κ1+κ2
q˜
)
. (49)
Choosing θ = 0 and transforming to real-space
yields a free-energy density of the form
7fGL = −(|η+|2 + |η−|2) + |Dη+|2 + |Dη−|2 +
(
ν + 1
)
Re
{[
Dxη
+(Dxη
−)∗ −Dyη+(Dyη−)∗
]}
+
(
ν − 1 + 2∆) Im{[Dxη−(Dyη+)∗ +Dyη−(Dxη+)∗]}. (50)
Here Di stands for a dimensionless gradient in the
i-direction in real space and the space-dependence
of the order parameter is implicit.
IV. SUMMARY
Mixed gradient terms in a Ginzburg-Landau
free energy are defined as terms of the form
(Dxη
+)∗Dyη−, [21], i.e. terms mixing differ-
ent components and directional gradients. These
terms drive the subdominant component of a chi-
ral p-wave superconductor that exists in the core
of topological defects like vortices when a magnetic
field breaks the degeneracy between the supercon-
ducting components. The core structure of vor-
tices are also influenced by these terms in that
the structure of the terms determine the relative
phase of the two order-parameters and thus the
different kinds of vortices possible [20, 21]. It is
evident from the definition that the order parame-
ter needs multiple components for such terms to be
present. The number of components of the order
parameter depends on the number of dimensions
of the irreducible representations that the pair-
ing interaction furnishes. If the symmetry group
contains a two-dimensional irreducible representa-
tion and the interaction contains this irrep. as a
subspace of its eigenvalue space, then the order
parameter associated with this subspace has two
components. In the weak-coupling BCS framework
this discussion is based on, on-site Hubbard inter-
action on a square 2D lattice in the clean limit
only consists of the one-dimensional s-wave rep-
resentation. If spin-orbit coupling is included as
a symmetry-breaking field, then the gap function
is rotated in the new basis so that it gains a mo-
mentum dependence determined by the SOC spin
texture [13, 30]. In the case of Rashba spin-orbit
coupling, the transformation is such that the intra-
component elements of the gap-function and thus
the pairing-amplitude in the spin-orbit split bands,
gains a p-wave like momentum dependence. Such
systems could thus be called effective p-wave super-
conductors [31], however their topological proper-
ties are different from those of true triplet p-wave
superconductors and, importantly, the order pa-
rameter does not gain additional components. For
the 2D square lattice, this means that a pairing in-
teraction that acts at least as far as nearest neigh-
bor lattice sites, is necessary for a multi-component
order parameter to be present. This type of inter-
action was also found to be sufficient to contain
a two dimensional subspace given by the p-wave
irreducible representation basis vectors.
The two mixed gradient terms found in the
Ginzburg-Landau free energy fGL are determined
by two phenomenological parameters ∆ = 2(κ2 −
κ3)/(κ1 + κ2) and ν = (κ1− 3κ2)/(κ1 + κ2) where
κ1 = Kxx,xx, κ2 = Kxx,yy and κ3 = Kxy,xy for the
generalized effective mass tensor Kab,ij .
If both SOC and the particle-hole asymmetry is
set to zero, and we assume nearest neighbor hop-
ping, Kab,ij reduces to
Kab,ij = ζab
NFβ
27ζ(3)
(4π)2Nt2
〈vavbvivj〉0 , (51)
where ζab = (−1)δab−1. With this reduction, ν can
be written as
ν =
〈
v4x
〉
0
− 3 〈v2xv2y〉0
〈v4x〉0 +
〈
v2xv
2
y
〉
0
, (52)
as in [19, 20] and is thus a measure of the Fermi
surface anisotropy. The coefficient in front of the
last mixed gradient term becomes ≥ 0 and propor-
tional to
〈
v2xv
2
y
〉
0
. It will therefore exist as long as
there is superconducting order and the Fermi ve-
locity does not vanish. The coefficient in front of
the first mixed gradient term is on the other hand
(ν+1). From Eq. (52) we see that for a completely
anisotropic square Fermi surface, ν = −1 such that
the mixed gradient term vanishes. The remaining
term can in this case be rotated away by a rotation
of the order parameter components as in [22].
With the simplification of Kab,ij in Eq. (51), the
parameter ∆ becomes ∆ = −(ν − 1) and the form
of fGL reduces to that of [19] except for a minus
sign. This discrepancy originates with the choice
made for the basis of the p-wave subspace. To
get equality, you would simply choose both eigen-
vectors positive in Eq. (9), which would yield an
irreducible representation equivalent to E. Then
Kab,ij would reduce in the same way except miss-
ing the factor ζab such that ∆ = 0 and fGL would
reduce to the same form.
If the particle-hole asymmetry given by N ′F is
present, Kab,ij gains a contribution from the Fermi
surface average
〈
vavbm
−1
ij
〉
0
. For nearest neighbor
hopping, m−1ij is diagonal such that κ3 is not af-
fected by it, however because of its contribution to
κ1 and κ2 the terms get re-scaled. In the contin-
uum limit this leads to increasing coefficients for
the mixed gradient terms compared to the normal
kinetic terms in the free energy.
In the continuum limit ν is expected to vanish by
Eq. (52), since the Fermi surface becomes isotropic.
However, including Rashba spin-orbit coupling
with SOC-vector of the form γ = α(ky eˆx − kxeˆy),
leads to
ν ≈ 1
2
(
α
kF t
)2
, (53)
8where t > 0 is the nearest neighbor hopping ampli-
tude and kF is the Fermi wave vector magnitude
because of the contribution to the κ coefficients
from the termNF
〈
dabgij
〉
0
inKab,ij . From this re-
sult we conclude that ν is no longer only a measure
of Fermi surface anisotropy, but also is a measure
of spin-orbit coupling strength — or alternatively
that spin-orbit coupling gives an effective Fermi
surface anisotropy. The coefficient in front of the
last mixed gradient term in Eq. (50) now becomes
1/(1−ν), while the other mixed gradient term coef-
ficient is 1+ν for the choice θ = 0. This shows that
in the continuum limit, the mixed gradient terms
become more prominent compared to the normal
gradient terms, as the Rashba spin-orbit coupling
strength increases.
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Appendix A: Symmetries of the single particle
problem
Combining the two different spin-options for the
annihilation operators in Eq. (1) in a vector cˆk,
then under time-reversal θˆ, the operators trans-
form as [32]
θˆcˆkθˆ
−1 = iσycˆ−k, (A1a)
θˆcˆ†kθˆ
−1 = cˆ†−k(−iσy). (A1b)
Since θˆ contains a conjugation operator, the
time-reversal of the single-particle Hamiltonian in
Eq. (1) becomes
θˆHˆ0θˆ
−1 =
∑
k
θˆcˆ†kθˆ
−1 (ǫ(k)∗ + γ(k)∗ · σ∗)θˆcˆkθˆ−1
=
∑
k
cˆ
†
−k
(
ǫ(k)∗ + γ(k)∗ · (−iσy)σ∗(iσy))cˆ−k
=
∑
k
cˆ
†
k
(
ǫ(−k)∗ − γ(−k)∗ · σ)cˆk.
(A2)
If the Hamiltonian should be time-reversal invari-
ant, then the coefficients must have the symmetries
ǫ(k) = ǫ(−k)∗ and γ(k) = −γ(−k)∗. Since the
Pauli-matrices are self-adjoint, taking the adjoint
of Hˆ0 yields
Hˆ†0 =
∑
k
cˆ
†
k
(
ǫ(k)∗ + γ(k)∗ · σ)cˆk. (A3)
If the Hamiltonian should be Hermitian, then
the coefficients must satisfy ǫ(k) = ǫ(k)∗ and
γ(k) = γ(k)∗. Time-reversal invariance together
with Hermiticity thus implies that the coefficients
are real, that ǫ(k) is even in k and that γ(k) is
odd in k, which were the symmetries mentioned in
Section IIA.
Appendix B: Diagonalization of the single
particle problem
It is easily verified through substitution that the
basis defined in Eq. (2) diagonalizes the Hamilto-
nian in Eq. (1) as long as |γˆz| 6= 1, regardless of
whether Hˆ0 is Hermitian or time-reversal invari-
ant. This means that the same diagonalization is
used when γ represents spin-orbit coupling (time-
reversal invariant but not parity invariant), and
when it represents an external magnetic field (par-
ity invariant but not time-reversal invariant). The
matrix determining the basis in Eq. (2) is found
by solving the characteristic equation of the cor-
responding linear-algebra problem and finding the
normal eigenvectors that correspond to each eigen-
value.
In the case that γ(k)‖ eˆz the basis transforma-
tion instead reads
ak =
1
2
(
(1 + γˆz)eiφ+ (1− γˆz)eiφ−
(1− γˆz)eiφ+ (1 + γˆz)eiφ−
)†
ck. (B1)
This results in the same expression for the eigenval-
ues ǫhk = ǫ(k)+h|γ(k)| as the basis transformation
in Eq. (1)
Appendix C: Basis vector for the irreducible
representation E of C4v
The group of symmetry transformations of the
two-dimensional square lattice is denoted C4v in
the Scho¨nflies notation or 4mm in the abbreviated
Hermann-Maugin notation [27]. In [27] the char-
acter table of C4v is as shown in Table I. For the
one-dimensional irreps. the matrix elements of the
representation is the characters themselves. For
the two-dimensional irrep. E, the matrix elements
of the representation are given by
D(E)(e) =
(
1 0
0 1
)
D(E)(C24 ) =
(−1 0
0 −1
)
D(E)(C4) =
(
0 −1
1 0
)
D(E)(C−14 ) =
(
0 1
−1 0
)
D(E)(σx) =
(−1 0
0 1
)
D(E)(σy) =
(
1 0
0 −1
)
D(E)(σd1) =
(
0 −1
−1 0
)
D(E)(σd2) =
(
0 1
1 0
)
(C1)
This can be verified by calculating the traces of the
matrices χ(E)(g) and showing that they satisfy the
condition ∑
g∈C4v
|χ(E)(g)|2 = |C4v|, (C2)
9which imply that this is an irreducible represen-
tation, as well as showing that the matrices sat-
isfy the group multiplication-relations for group-
elements in C4v.
C4v e C
2
4 2C4 2σv 2σd
A1 1 1 1 1 1
A2 1 1 1 −1 −1
B1 1 1 −1 1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0
TABLE I: Character table for the group C4v.
The first row gives the conjugation classes, while
the first column denotes the different irreducible
representations. Note that E is the only
two-dimensional irreducible representation.
Since the goal is to find a basis for this represen-
tation E consisting of eigenvectors of the Hermi-
tian operator Vˆ , these basis vectors can be written
on the form of Eq. (6), repeated here for conve-
nience:
|d〉 =
∑
k,s1s2
ds1s2(k) |k, s1〉 |−k, s2〉 . (C3)
This eigenvector-space is projected down on the
irreducible subspace of the irreducible representa-
tion by the projection operator in Eq. (8). This
operator includes the symbol g : which means that
the state should be transformed by the group-
element g. For spin-momentum eigenstates, the
transformation law is given by [32]
g :
∣∣k′, s′〉 =∑
s
∣∣gk′, s〉Dg ss′ (C4)
for the matrix
Dg ss′ = δss′ cos(φ/2)− iuˆ · σss′ sin(φ/2) (C5)
where the rotation given by the angle and normal
vector (φ, uˆ) is given by the proper rotation as-
sociated with g. Transformation of vectors in the
product space of two spin-momentum eigenstates
are thus given by
g :
∣∣k′1, s′1〉 ∣∣k′2, s′2〉
=
∑
s1s2
∣∣gk′1, s1〉 ∣∣gk′2, s2〉Dg s1s′1Dg s2s′2 . (C6)
Writing this as an active transformation where the
transformation acts on the coefficients of the eigen-
vectors in Eq. (C3), results in
g : ds1s2(k) =
∑
s′1s
′
2
Dg s2s′2Dg s1s′1ds′1s′2(g
−1k).
(C7)
Coefficients that are odd in k can be written as
ds1s2(k) = d(k) · (σiσy)s1s2 , (C8)
because of fermionic particle exchange asymmetry.
The transformation rule in Eq. (C7) is then sim-
plified to
g : d(k) = R(uˆ, φ)d(g−1k), (C9)
where R is the conventional 3× 3 rotation matrix,
which shows that d transforms as a vector. Since
the k-dependency of d(k) must be such that it is
invariant with respect to translations by recipro-
cal lattice vectors it can be expanded as a Fourier
series in the fundamental lattice vectors R such
that
d(k) =
1√
N
∑
R
βR sinR · k. (C10)
Applying the projection operators in Eq. (8) onto
d(k) using the transformation law in Eq. (C9) and
the matrix-elements of the representation given in
Eq. (C1), the xˆ and yˆ components of β vanish,
leaving
P
(E)
ll d(k) =
zˆ
2
√
N
∑
R
βzR
[
sin(R · k)
+(−1)l sin(zˆ ·R× k)].
(C11)
This expression implies immediately that the sim-
plest potential that contains a non-vanishing rep-
resentation E is a nearest neighbor potential where
R ∈ {(0,±1), (±1, 0)}. Inserting these possible
lattice vectors R in the sum
∑
R in Eq. (C11),
vectors in the projected space can be written
P
(E)
ll d(k) =
zˆ
2
√
N
[
(βz(1,0) − βz(−1,0))
× (sin kx + (−1)l sinky)
+(βz(0,1) − βz(0,−1))
× (sin ky − (−1)l sinkx)
]
.
(C12)
Such vectors can clearly all be written using the
basis vectors made up of
d±(k) = zˆ (sin kx ± sin ky). (C13)
Although this is a basis for the irreducible vector
space associated with the irreducible representa-
tion E, it doesn’t transform as the matrices given
in Eq. (C1). Recall that a basis {bi} for a repre-
sentation D transforms according to
g : bi =
∑
j
bjDji(g). (C14)
Instead {d±} transforms like an equivalent rep-
resentation to the matrices in Eq. (C1). This is
simply solved by rotating the basis into new basis
vectors
d
(Ey)(k) = −zˆ sin ky, (C15a)
d
(Ex)(k) = +zˆ sin kx, (C15b)
which when properly normalized gives the basis
set in Eq. (9).
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Appendix D: Spectral Decomposition of
nearest neighbor interaction
To find the representations the potential in
Eq. (10) consists of, first it is Fourier transformed
into
Vˆ = −
∑
qkk′s
V˜ (k− k′)
×c†q
2+k,s
c†q
2−k,−s
c q
2−k′,−sc q2+k′,s,
(D1)
for
V˜ (k− k′) = V
2N
∑
δ
eδ·(k−k
′), (D2)
where δ sums over nearest neighbor lattice vec-
tors. The spectral decomposition of Vˆ is found by
expressing Vˆ in terms of its eigenvectors. Since
Vˆ is a two-body operator, it is completely deter-
mined by the matrix elements 〈αβ| Vˆ |α′β′〉 where
|αβ〉 are states in the two-particle Hilbert space.
For BCS type potentials this two-particle Hilbert
space consists of states where the particles have op-
posite momentum and any eigenvector can thus be
expanded as in Eq. (6). This means that in terms
of spin-momentum eigenstates, the potential can
be written as
Vˆ =
1
2
∑
qkk′
∑
s1s2s3s4
Vk,k′; s1s2s3s4
×c†q
2+k,s1
c†q
2−k,s2
c q
2−k′,s4c q2+k′,s3 ,
(D3)
for the matrix elements
Vk,k′; s1s2s3s4 = 〈k, s1| 〈−k, s2| Vˆ
∣∣k′, s3〉 ∣∣−k′, s4〉
= −2V˜ (k− k′)δs1s3δs2s4σxs1s2 .
(D4)
The space associated with a single eigenvalue
can in general be written as a sum of irreducible
spaces where each irreducible space consists of ba-
sis vectors forming a basis for an irreducible rep-
resentation of the symmetry group [27]. If the
space consists of several irreducible representa-
tions, these are said to have accidental symmetry
since the fact that vectors belonging to two differ-
ent irreducible spaces have the same eigenvalue is
not necessary by symmetry and thus, in a sense,
accidental. Writing the basis vectors for an irre-
ducible representation Γ as |Γ,mΓ〉 where mΓ enu-
merates the dimensions of the irrep., this implies
that {|Γ,mΓ〉} is a complete orthonormal basis-set.
Inserting this complete set on either side of the po-
tential operator, in the space of two-particle states
the potential can be represented by
Vˆ =
∑
Γ
VΓ
dΓ∑
m=1
|Γ,mΓ〉 〈Γ,mΓ| , (D5)
for the eigenvectors
VΓ = 〈Γ,mΓ| Vˆ |Γ,mΓ〉 . (D6)
Note that it does not matter which of the dΓ differ-
ent basis-vectors one inserts for mΓ since all will
give the same eigenvalue as long as they are ba-
sis vectors in the same irreducible space. These
eigenvalues can then be evaluated by inserting a
complete set of spin-momentum eigenstates as
VΓ =
∑
kk′
∑
s1s2s3s4
Vk,k′; s1s2s3s4
×(d(Γ,mΓ)k, s1s2 )∗d
(Γ,mΓ)
k′, s3s4
.
(D7)
Inserting the irreducible representation basis vec-
tors in Eq. (13), (12) and (9) yields the eigenvalues
VA1 = VB1 = VEx = VEy = −V. (D8)
Conversely, Eq. (D5) may be inserted into Eq. (D4)
such that the spin-momentum eigenstate matrix
elements can be written as
Vk,k′; s1s2s3s4 =
∑
Γ
VΓ
dΓ∑
mΓ=1
d
(Γ,mΓ)
k, s1s2
(d
(Γ,mΓ)
k′, s3s4
)∗.
(D9)
If all the eigenvectors given by irreducible rep-
resentations have been accounted for, this must
reproduce Eq. (D1). Inserting the singlet irre-
ducible irreducible representations with even func-
tions ψ(a)(k) as well as the triplet irreducible basis
vectors with odd vector functions d(Ei)(k) from
Eq. (13), (12) and (9), yields
Vˆ = −V
∑
qkk′s
( ∑
a=A1,B1
ψ(a)(k)ψ(a)(k′)∗ +
∑
i=x,y
d(Ei)z (k)d
(Ei)
z (k
′)∗
)
c†q
2+k,s
c†q
2−k,−s
c q
2−k′,−sc q2+k′,s
= −V
N
∑
qkk′s
V˜ (k− k′)c†q
2+k,s
c†q
2−k,−s
c q
2−k′,−sc q2+k′,s,
(D10)
which indeed is the initial potential presented in Eq. (D1). This shows that Eq. (11) is the diago-
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nalized form of Eq. (10) and the nearest neighbor
interaction thus consists of the irreducible repre-
sentations A1, B1 and E which corresponds to ex-
tended s-wave, d-wave and p-wave channel respec-
tively.
Appendix E: Integration over Fermions
The single particle problem Hamiltonian Hˆ0 de-
fined in Eq. (1) and interaction potential Vˆ defined
in Eq. (4) for b equal to the two-dimensional irre-
ducible representation E of C4v with eigenvectors
given in Eq. (9) defines the relevant system. The
finite temperature partition function for this sys-
tem can then be written as a path-integral over
Graßmann fields ξ and ξ∗ as
Z =
∫
D[ξ∗ξ] e−S, (E1)
for the action
S =
∫ β
0
dτ
{∑
kss′
ξ∗k,s
(
δss′(∂τ + ǫ(k)) + γ · σss′
)
ξk,s′
−V
2
∑
qm
Jm ∗q J
m
q
}
,
(E2)
where Jmq are defined in Eq. (15). By Hubbard-
Stratonovich transforming the interaction poten-
tial exponential at the expense of introducing new
auxiliary complex fields η
(m)
q and η
(m) ∗
q as in
Eq. (14), the partition function can be factorized
into a path-integral over the auxiliary fields and
a path-integral over the quadratic fermionic Graß-
mann fields by
Z =
∫
D[η∗η] e−
∫
β
0
dτ
∑
qm
2|η
(m)
q |
2
V ZF , (E3)
such that
ZF =
∫
D[ξ∗ξ] e−SF . (E4)
Because of the Hubbard-Stratonovich transforma-
tion, the fermionic action SF now consists of only
quadratic combination of Graßmann fields, where
one part of it comes from the single particle prob-
lem on the first line of Eq. (E2) and the other is
proportional with the new complex fields η. To
simplify the calculation, the Graßmann fields are
transformed through Eq. (2) to the helicity-basis in
which the single particle Hamiltonian is diagonal.
Denoting the unitary matrix in the transformation
in Eq. (2), U(k)sh such that
ξks =
∑
h
U(k)shζkh, (E5)
the fermionic action SF can be written
SF =
∫ β
0
dτ
{∑
kh
ζ∗kh(∂τ + ǫ
h
k)ζkh
+
∑
k1k2
h1h2m
[
η
(m)
k1+k2
d˜
(Em)
k1k2;h1h2
ζ∗k1h1ζ
∗
k2h2
+ η
(m) ∗
k1+k2
(
d˜
(Em)
k1k2;h1h2
)∗
ζk2h2ζk1h1
]}
,
(E6)
where in the last equality we have inserted the he-
licity basis and defined the helicity transformed ir-
rep. basis vectors
d˜
(Em)
k1k2;h1h2
=
∑
s1s2
d(Em)s1s2
(
k1−k2
2
)
×U(k2)∗s2h2U(k1)∗s1h1 .
(E7)
The imaginary-time dependence of the ζ fields
is expanded in a series of Matsubara frequencies
through the unitary transformation
ζkh(τ) =
1√
β
∑
n
e−iτωnζkhn, (E8)
for ωn = (2n+ 1)π/β. This expansion results in a
remaining time-dependence in the auxiliary com-
plex fields η(τ) which is itself transformed into a
bosonic Matsubara-frequency dependence through
the identification
1
β
∫ β
0
dτ η
(m)
k1+k2
(τ)eiτ(ωn1+ωn2) = η
(m)
k1+k2,n1+n2+1
.
(E9)
In the single particle Hamiltonian, this transfor-
mation exchanges the ∂τ for −iωn2. The fermionic
action is now written as a bi-linear form
SF =
1
2
∑
k1k2
n1n2
ζTk1n1Aˇk1k2,n1n2ζk2n2 , (E10)
through the 4 × 4 matrix Aˇ by collecting the
fermionic fields in four-component vectors
ζTkn = (ζk+n, ζk−n, ζ
∗
k+n, ζ
∗
k−n). (E11)
Since each vector contains all the different Graß-
mann fields (both the fields ζ and ζ∗), the integral
becomes the Pfaffian of the anti-symmetric com-
ponent of Aˇ [33]. Re-using the notation Aˇ for this
anti-symmetric component, the fact that the Pfaf-
fian of an antisymmetric matrix can be expressed
as the square root of the determinant of this matrix
[34], is used to write
ZF = Pf(Aˇ) = ±
√
det(Aˇ) = e
1
2 Tr ln Aˇ. (E12)
The limit of zero spin-orbit coupling is used to ar-
gue that + should be used in front of the square
root. The fact that exchanging two rows of a ma-
trix leaves the determinant invariant, is then used
to write SF as the familiar sesquilinear form
SF =
1
2
∑
k1k2
n1n2
ζ
†
k1n1
(Gˇ−1)k1k2,n1n2ζk2n2 , (E13)
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where the inverse Gor’kov Green’s function Gˇ−1 is
expressed as
Gˇ−1 = Gˇ−10 + φˇ. (E14)
The two terms represent the inverse mean field
Green’s function
(Gˇ−10 )k1k2,n1n2 = δk1k2δn1n2
×
(−iωn1 + ǫ+k1 0
0 −iωn1 + ǫ−k1
)
⊗ σz , (E15)
and the order-parameter dependent 4× 4 matrix
(φˇ)k1k2,n1n2 = 2
∑
m
∑
n
δn,n1+n2+1
×
(
0 η
(m)
k1+k2,n
D
(m)
k1k2
η
(m) ∗
k1+k2,n
D
(m) †
k2k1
0
)
,
(E16)
where the 2×2 matrix D(m)k1k2 consists of the trans-
formed irrep. basis vectors
(D
(m)
k1k2
)h1h2 = d˜
(Em)
k1k2;h1h2
. (E17)
The result in Eq. (E12) is then expanded to sec-
ond order in the order parameter through Eq. (18).
The first term is independent of η and is thus ab-
sorbed in the normalization-constant of the η path-
integral. The second term vanishes when taking
the trace, leaving the third term such that
ZF = e
− 14 Tr Gˇ0φˇGˇ0φˇ. (E18)
Since Gˇ−10 is a completely diagonal matrix, its in-
verse is trivial to find. By simple matrix multi-
plication and summing over the momentum and
Matsubara-frequency indices for the trace, it is
found that
Tr Gˇ0φˇGˇ0φˇ = 8
∑
mm′ kk′
hh′ n1n2
η
(m)
k+k′,n1
η
(m′) ∗
k+k′,n1
×
d˜
(Em)
kk′;hh′ d˜
(Em′) ∗
kk′;hh′
(iωn2 − iνn1 + ǫhk)(iωn2 − ǫh′k′)
(E19)
Since the goal is a time-independent Ginzburg-
Landau theory, the order parameter is assumed to
be time-independent such that η
(m)
k,n = δn0η
(m)
k . In-
serting this assumption back into Eq. (E19) which
is inserted into ZF in Eq. (E18) and then insert-
ing this back into the expression for Z in Eq. (E3)
yields the expression
Z =
∫
D[η∗η] exp
{
−
∑
qm
β
2|η(Em)q |2
V
−2
∑
mm′ kk′
hh′ n
η
(Em)
k+k′ η
(Em′) ∗
k+k′
×
d˜
(Em)
kk′;hh′ d˜
(Em′) ∗
kk′;hh′
(iωn + ǫhk)(iωn − ǫh′k′)
}
.
(E20)
After shifting the momentum indices in the second
term by
k→ q/2 + k,
k
′ → q/2− k, (E21)
inserting the expression for d˜
(Em)
k1k2;hh′
from Eq. (E7)
as well as the elements of the transformation ma-
trices U(k)sh from Eq. (2), Z can be re-written in
terms of the gap-function [24]
∆s1s2(k,q) =
∑
m
η(m)q d
(Em)
s1s2
(k), (E22)
the spin-orbit dependent matrix
u(k)hss′ = (σ
0 + hγˆ · σ)ss′ (E23)
and Green’s functions
Gh(k, iωn) = (iωn − ǫhk)−1 (E24)
as
Z =
∫
D[η∗η] exp
{
−
∑
qm
β
2|η(Em)q |2
V
+
1
2
∑
kq s1s2
s′1s
′
2
∆s1s2(k,q)∆s
′
1s
′
2(k,q)∗
×
∑
nhh′
Gh(q2+k,−iωn)u(q2+k)hs′1s1
×Gh′(q2−k, iωn)u(q2−k)h
′
s′2s2
}
.
(E25)
For further development, the center of mass mo-
mentum q of the Cooper pairs is assumed to
be small compared to the fundamental lattice
constant so that the momentum dependencies in
Eq. (E25) can be expanded to second order by
u(q2±k)
h ≈ σ0 + hσ · (± γˆ
+
qi
2
∂iγˆ ± q
iqj
8
∂i∂j γˆ
)
,
(E26)
and ∑
n
Gh(q2+k,−iωn)Gh
′
(q2−k, iωn)
= β
(
χh
′h +
qi
2
χh
′h
i +
qiqj
8
χh
′h
ij
)
,
(E27)
where the Einstein-summation convention nota-
tion has been used for repeated indices and ∂i =
∂/∂ki. χhh
′
and χhh
′
ij are defined as in Eq. (21)
and (25), while
χh
′h
i = lim
q→0
∂
∂qi
1
β
∑
n
Gh(q + k,−iωn)
×Gh′(q− k, iωn).
(E28)
Inserting these expansions, the resulting expres-
sion for Z becomes
13
Z =
∫
D[η∗η] exp
{
−β
∑
qm
2|η(m)q |2
V
−β
2
∑
kqmm′
hh′
η(m)q η
(m′) ∗
q
[
tr
[
d
(Em′ ) †
k
(
hh′γˆ · σd(Em)k γˆ · σT − d(Em)k
)]
χh
′h
−q
i
2
tr
[
d
(Em′) †
k σd
(Em)
k
] · (γˆ(h− h′)χh′hi + ∂iγˆ(h+ h′)χh′h)
+
qiqj
8
(
tr
[
d
(Em′) †
k
(
hh′γˆ · σd(Em)k γˆ · σT − d(Em)k
)]
χh
′h
ij
+2hh′χh
′h tr
[
d
(Em′ ) †
k
(
γˆ · σd(Em)k ∂i∂j γˆ · σT − ∂iγˆ · σd(Em)k ∂j γˆ · σT
)])]}
,
(E29)
where tr[·] is a trace over the spin-indices, and
d
(Em)
k is the matrix in spin-space whose matrix el-
ements are given by d
(Em)
s1s2 (k). The specific form
of d
(Em)
s1s2 (k) given in Eq. (9), leads to considerable
simplifications of Eq. (E29) since the correspond-
ing spin-vectors d(Em)(k) are parallel and only re-
tains the zˆ-component. Inserting this fact, the par-
tition function reduces to
Z =
∫
D[η∗η] exp
{
− β
∑
qm
2|η(m)q |2
V
− β
2
∑
kqmm′
hh′
η(m)q η
(m′) ∗
q tr
[
d
(Em)
k d
(Em′) †
k
][(
hh′
[
1− 2(γˆz)2]− 1)χhh′
+
qiqj
8
([
hh′
(
1− 2(γˆz)2)− 1]χhh′ij − 2h′hχhh′gij
)]}
.
(E30)
Since the spin trace in Eq. (E30) can be written
tr
[
d
(Em′ ) †
k d
(Em)
k
]
= 2
(
d
(Em′)
)∗ · d(Em), (E31)
the free-energy tensors Aab and Kab,ij can now be
identified from Eq. (E30) since their relation to the
partition function is given by
Z =
∫
D[η∗η] exp
{
− β
∑
q
[
Aab(η
(a)
q )
∗η(b)q
+Kab,ij(η
(a)
q )
∗η(b)q q
iqj
]}
.
(E32)
Appendix F: Energy integrals in Fermi surface
averages
The details of how to obtain the explicit expres-
sion for Kab,ij and Aab in Eq. (31) and (32) from
Eq. (20) and (23), were in large part left out. In
this section, one of the integrals is worked out in
detail and the others needed to obtain these ex-
pressions will be listed.
To see clearly what part of the generalized mass
tensor Kab,ij is dependent on spin-orbit coupling
and which is not, the summation over h′ in Eq. (23)
is preformed to yield the expression
Kab,ij =
1
4
∑
kh
dab
{
χhhij + (γˆ
z)2
(
χhhij − χh,−hij
)
+
(
χhh − χh,−h
)
gij
}
(F1)
Inserting χhh
′
ij from Eq. (25) into this expres-
sion and preforming the approximation outlined in
Eq. (29) for converting to Fermi surface averages
yields the expression
Kab,ij =
1
2
∑
h
〈
dab
{[
Ih2 v
h
i v
h
j − Ih1m−1h ij
]
+(γˆz)2
[(
Ih2 + I
h
4
)
vhi v
h
j − Ih3 v−hi vhj
−(Ih1 − Ih5 )m−1h ij]− 12 [Ih − Ih0 ]gij
}〉
0
.
(F2)
Here the I-s represent energy integrals across the
energy shell around the Fermi energy of varying
combinations of Green’s functions as well as the
density of states N0(ǫ). As an example, consider
the integral
Ih5 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
iωn − ξ − h |γ|
× ∂
∂ξ
1
−iωn − ξ + h |γ| .
(F3)
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First the approximationN0(ξ) ≈ NF+N ′F ξ is used
to split the integral in two: Ih5 = I
h
5,1 + I
h
5,2, such
that Ih5,1 is the part that is proportional to NF ,
while Ih5,2 is proportional to N
′
F . The integrand of
Ih5,1 is then split using partial fractions such that
Ih5,1 =
NF
β
∑
n
1
2(iωn − h |γ|)
∫ ǫc
−ǫc
dξ
[
1
(−iωn − ξ + h |γ|)2 −
1
ξ2 + (ωn + ih |γ|)2
]
=
NF
β
∑
n
1
2(iωn − h |γ|)
[
− 2ǫc
ǫ2c + (ωn + ih |γ|)2
− 2
ωn + ih |γ| tan
−1
( ǫc
ωn + ih |γ|
)]
=
NF
π
∑
n
1
i(ωn + ih |γ|)
[
− ec
e2c + (2n+ 1 + ihρ)
2
− 1
2n+ 1 + ihρ
tan−1
( ec
2n+ 1 + ihρ
)]
≈ −NFβ
iπ2
∑
n
1
(2n+ 1 + ihρ)2
tan−1
( ec
2n+ 1 + ihρ
)
≈ −βNFh
π
Im
∞∑
n=0
1
(2n+ 1 + iρ)2
= −βNFh
π
f2(ρ).
(F4)
On the third line the dimensionless variables ec =
βǫc/π and ρ = β |γ| /π were introduced. It was as-
sumed that the critical temperature was low com-
pared to the Debye frequency such that ec ≫ 1
and the first term on the third line could be ig-
nored since it goes as ∼ 1/ec while the arctan
goes like ∼ π/2. On the last line, the sum over
n was separated into the sum over positive and
negative n, resulting in the imaginary component
of the first sum by shifting the summation index.
For n ∈ [0, nc], ec/(2n + 1) ≫ 1 such that tan−1
is approximately π/2. nc depends on ec and since
ec ≫ 1 then nc ≫ 1 as well such that adding the
terms in the sum for n > nc doesn’t change the
limiting behaviour.
Similarly, the integrand of Ih5,2 is split using
partial fractions, albeit in a slightly different way
which produces
Ih5,2 = −
N ′F
2β
∑
n
∫ ǫc
−ǫc
dξ
[
1
(−iωn − ξ + h |γ|)2 +
1
ξ2 + (ωn + ih |γ|)2
]
= −N
′
F
π
∑
n
[
1
2n+ 1 + ihρ
tan−1
( ec
2n+ 1 + ihρ
)
− ec
(2n+ 1 + ihρ)2 + e2c
]
≈ −2N
′
F
π
Re
∞∑
n=0
[ tan−1 ( ec2n+1+iρ)
2n+ 1 + iρ
−
tan−1
(
ec
2n+1
)
2n+ 1
+
tan−1
(
ec
2n+1
)
2n+ 1
]
≈ −N ′F f(ρ)−
N ′F
2
ln(2ece
C).
(F5)
Inserting these results back into Eq. (F3) then
yields
Ih5 ≈ −
NFβh
π
f2(ρ)−N ′F f(ρ)−
N ′F
2
ln(2ece
C).
(F6)
The remaining integrals are calculated in a similar
manner. In the cases where ρ/ec remains in the ex-
pression after integrating, this is expanded to first
order in O(ρ/ec), e.g. in I
h
0 . Terms proportional
to e−ec are also neglected like in Ih2 . With these
approximations the integrals become
15
Ih =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
ω2n + (ξ + h |γ|)2
≈ NF ln
(
2ece
C
)
+ hN ′F |γ|
[
1− ln (2eceC)], (F7a)
Ih0 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
ξ2 + (ωn + ih |γ|)2 ≈ NF ln
(
2ece
C
)
+ 2NF f(ρ), (F7b)
Ih1 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
iωn − ξ − h |γ|
∂
∂ξ
1
−iωn − ξ − h |γ| ≈ −
NFh |γ|
2ǫ2c
− N
′
F ln
(
2ece
C
)
2
, (F7c)
Ih2 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
(
∂
∂ξ
1
iωn−ξ−h|γ|
∂
∂ξ
1
−iωn−ξ−h|γ| − 1iωn−ξ−h|γ| ∂
2
∂ξ2
1
−iωn−ξ−h|γ|
)
≈ 7ζ(3)β
2
4π2
(NF − h |γ|N ′F ),
(F7d)
Ih3 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
∂
∂ξ
1
iωn − ξ − h |γ|
∂
∂ξ
1
−iωn − ξ + h |γ| ≈
NFβ
2
π2
(
f3(ρ) +
7ζ(3)
8
)
, (F7e)
Ih4 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
iωn − ξ − h |γ|
∂2
∂ξ2
1
−iωn − ξ + h |γ|
≈ −NFβ
2
π2
(
f3(ρ) +
7ζ(3)
8
)
+
N ′Fβh
π
f2(ρ),
(F7f)
Ih5 =
∫ ǫc
−ǫc
dξ
N0(ξ)
β
∑
n
1
iωn − ξ − h |γ|
∂
∂ξ
1
−iωn − ξ + h |γ|
≈ −NFβh
π
f2(ρ)−
N ′F ln
(
2ece
C
)
2
−N ′F f(ρ).
(F7g)
The expression for Kab,ij in Eq. (32) is then ob-
tained by inserting these integrals into Eq. (F2)
and summing over h. The integrals Ih and Ih0 are
used to obtain the expression for Aab in Eq. (31).
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